Abstract: We study the Dirichlet boundary value problem for the p(x)-Laplacian of the form
Introduction
The purpose of this paper is to study the existence of nontrivial solutions for the following nonlinear boundary value problem involving the p(x)-Laplacian −∆ p(x) u = λf (x, u),
x ∈ Ω u = 0
x ∈ ∂Ω
where Ω ⊂ R N , N > 1 is a bounded domain with smooth boundary, ∆ p(x) u = div(|∇u| p(x)−2 ∇u) is the p(x)-Laplacian, p ∈ C(Ω) and the nonlinearity f : R N × R −→ R is assumed to be a carathéodory function. The considered eigenvalue problem involves variable exponent growth conditions. The study of such kind of equations is a very active field of investigation in the last decade since they can serve as a models for different physical phenomena. We refer to [8] for a model of partial differential equation with non standard growth in Electrorheological fluids.
The main idea of this work is to study equation (1) without assuming the Ambrosetti and Rabinowitz condition on f , namely, there exist θ > 2 and t 0 > 0 such that
where F (x, t) = t 0 f (x, s)ds, since it is a restrictive condition eliminating many nonlinearities.
In [7] , the equation (1) has been considered in the case of constant exponent. While in [3] , Fan, Zhang and Zhao showed that the problem
has infinitely many positive eigenvalues. M. Mihȃilescu and V. Rȃdulescu in [5] have studied the problem
where p(x) = q(x) and proved the existence of a continuous family of eigenvalues which lies in a neighborhood of the origin. The familiar approach to solve problem (1) is to search critical points of the functional
In this method, one must assume in general that the nonlinearity f satisfies the (AR) condition. The author in [7] discovered a new functional whose critical point is a solution of problem (1) in the special case p(x) = p =constant.
In this paper, we use a more general functional and we get the existence of infinitely many solutions of problem(1) without assuming the (AR) condition.
We study problem (1.1) under the following assumptions:
The function f : Ω×[0, ∞[−→ R + satisfies the Carathéodory condition, namely, f (., t) is measurable for all t ∈ [0, ∞[ and f (x, .) is continuous for almost all
There exists an open no empty ω ⊂ Ω, and 0
and there exists g
for all x ∈ Ω and t ≥ 0 where the variable exponent s ∈ C(Ω) satisfies
In what follows, the Letter c will be indiscriminately used to denote various constants when the exact values are irrelevant.
Generalized Lebesgue and Sobolev Spaces
We recall in what follows some basic facts about the variable exponent Lebesgue and Sobolev spaces L p(x) (Ω) and W
For any p ∈ C + (Ω) we define the variable exponent Lebesgue space
Variable exponent Lebesgue space L p(x) (Ω) is a Banach space. It is reflexive if and only if 1 < p − ≤ p + < ∞ (see [4] ).
The inclusion between Lebesgue spaces generalizes naturally: if 0 < |Ω| < ∞ and r 1 , r 2 are variable exponents such that r 1 (x) ≤ r 2 (x) almost everywhere in Ω then there exists a continuous embedding
holds true [4] . We recall that the modular of the L p(x) (Ω) is the mapping
In the case p + < ∞ then for f n , f ∈ L p(x) (Ω) we have
In particular, if q(x) = q is constant then
We define W
1,p(x) 0
(Ω) as the closure of C ∞ 0 (Ω) under the norm
The space W
(Ω) a separable and reflexive Banach space. We note that if q ∈ C + (Ω) and q(x) < p * (x) for all x ∈ Ω then the embedding W
(Ω) ֒→ L q(x) (Ω) is compact and continuous, where p * (x) = N p(x) N −p(x) if p(x) < N or p * (x) = +∞ if p(x) ≥ N . We refer to [2, 4, 6] for further properties of variable exponent Lebesgue and Sobolev spaces.
Problem Position and Existing Results
We say that λ ∈ R is an eigenvalue of Problem (1.1) if there exists u ∈ W 1,p(x) 0
(Ω), u ≡ 0 such that
(Ω). Such solution is called weak solution. We denote by E the set of nondecreasing C 1 (R + , R + ) functions φ that satisfy: there exists c > 0 such that
It is clear that E = ∅. We define on E an equivalence relation ∼ by
We denote by Φ the elements of E = E /∼ .
For any Φ ∈ E we define
where
Lemma 3.1. For all Φ ∈ E, J Φ is well defined and bounded from above in W 1,p(x) 0
(Ω) − {0}.
Proof. It follows from the assumptions that J Φ is well defined. Applying the Hölder inequality we get for any u ∈ W
By assumption
is continuously injected in L q(x)s ′ (x) (Ω). So, there exists c > 0 such that
If u 1,p(x) ≤ 1 then I(u) ≤ 1 and we get from 12
We have by (2.3)
Applying the Young inequality, we get
for some β that satisfies
The constant γ is greater than s + . It follows that u n is bounded. So we can find a subsequence still denoted by u n that converges weakly to some
(Ω). By the Sobolev embedding, u n converges strongly in L r(x) (Ω) for all r that satisfies p(x) < r(x) < p * (x) for all x ∈ Ω.
Let α(x) be such that p(x) < α(x)q(x) < p * (x). It is knowing that under assumption (1.4), the Nemytskii operator F (x, .) is continuous from L α(x)q(x) (Ω) into L α(x) and since u n is strongly convergent in L α(x)q(x) (Ω), then F (., u n ) is strongly convergent in L α(x) (Ω). It follows that
Since Φ is a nondecreasing continuous function and I is w.l.s.c. (see [1] ) we have that Φ(I(u Φ )) ≤ lim inf n→∞ Φ(I(u n )).
And consequently
We conclude that J Φ attends its maximum at u Φ . We have J Φ (u Φ ) > 0. It follows that Ω F (x, u Φ )dx > 0 and then u Φ = 0 since F (x, 0) = 0.
We give now the following theorem. 
